We study the propagation of massless fermionic fields in the background of a three-dimensional Lifshitz black hole, which is a solution of conformal gravity. The black hole solution is characterized by a null dynamical exponent. Then, we compute analytically the quasinormal modes, the area spectrum, and the absorption cross section for fermionic fields. The analysis of the quasinormal modes shows that the fermionic perturbations are stable in this background. The area and entropy spectrum are evenly spaced. At the low frequency limit, it is observed that there is a range of values of the angular momentum of the mode that contributes to the absorption cross section, whereas it vanishes at the high frequency limit. In addition, by a suitable change of variables a gravitational soliton can also be obtained and the stability of the quasinormal modes are studied and ensured.
I. INTRODUCTION
The three-dimensional models of gravity have attracted remarkable interest in the last decade. Apart from threedimensional general relativity (GR), an interesting model of gravity is described by topologically massive gravity (TMG), which modifies GR by adding a Chern-Simons gravitational term to the action [1] . In contrast to GR in 3 dimensions, TMG has a propagating degree of freedom, which corresponds to a massive graviton. Also, another important characteristic of TMG is the possibility of constructing a chiral theory of gravity at a special point of the space of parameters [2] . Another three-dimensional model that has received considerable attention is new massive gravity (NMG), where the action is the standard Einstein-Hilbert term plus a specific combination of scalar curvature square term and a Ricci tensor square term [3] [4] [5] , and at the linearized level it is equivalent to the Fierz-Pauli action for a massive spin-2 field [3] . Solutions of TMG and NMG and further aspects can be found in Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and references therein. TMG and NMG share common features; however, there are also different aspects: one of these is the existence in NMG of black holes known as new type black holes. These solutions also appear in the threedimensional conformal gravity [17] . The action of three-dimensional conformal gravity in vacuum is just given by the Chern-Simons gravitational term, and the equations of motion contain third derivatives of the metric. Some solutions of this model have been studied in [17] [18] [19] . Additionally, in [20] a Lifshitz black hole solution to this theory with z = 0 was obtained. On the other hand, in four spacetime dimensions, conformal gravity is a four-derivative theory and is perturbatively renormalizable [21, 22] . Other Lifshitz black hole solutions have been found in [23] in four-dimensional conformal gravity and in [24] in six-dimensional conformal gravity.
The Lifshitz spacetimes present an anisotropic scale invariance t → λ z t, x i → λx i along with a scaling r → λ −1 r for the radial coordinate, where the dynamical exponent z is the relative scale dimension of time t and space x i coordinates. These spacetimes are important in the study of dual field theories with anisotropic scale invariance and are described by the following metrics [25] :
where x represents a D − 2 dimensional spatial vector, D is the spacetime dimension and ℓ denotes the length scale in these geometries. It is worth mentioning that for z = 0 the previously mentioned anisotropic scale invariance corresponds to space-like scale invariance with no transformation of time. Several black holes whose asymptotic behavior is described by (1.1) (Lifshitz black holes) have been reported, see for instance Refs. [11, 26] . Also, by introducing both an Abelian gauge field and a scalar dilaton, spacetimes emerge which, in addition to having an anisotropic scaling exponent z as the Lifshitz metric, have an overall hyperscaling violating factor with hyperscaling exponent η that is not scale invariant; thus, this line element is conformally related to the Lifshitz metric and transforms as ds → λ η/(D−2) ds under the Lifshitz scaling. This spacetime is important in the study of dual field theories with hyperscaling violation [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , and were also investigated in other gravitational theories [43] [44] [45] .
One important characteristic of black holes is their quasinormal modes (QNMs), which nowadays are of great interest due to the observation of gravitational waves from the merger of two black holes [46] . Nevertheless, the observed signal is consistent with the Einstein gravity [47] , the window for alternative theories is also open [48] mainly owing to large uncertainties in mass and angular momenta of the ringing black hole. However, the QNMs and their quasinormal frequencies (QNFs) have a long history [49] [50] [51] [52] [53] [54] . The QNMs provide information about the stability of matter fields that evolve perturbatively in the exterior region of the black holes, without backreacting on the metric. Also, in the context of AdS/CFT correspondence [55] , the QNMs determine how fast a thermal state in the boundary theory will reach thermal equilibrium [56] . In addition, in the context of black hole thermodynamics, the QNMs allow us to study the quantum area spectrum of the black hole horizon as well as the mass and the entropy spectrum. Moreover, in [57] the authors discuss a connection between Hawking radiation and black hole quasinormal modes, which is important on the route to quantize gravity, because one can naturally interpret black hole quasinormal modes in terms of quantum levels. On the other hand, the Hawking radiation emitted at the event horizon may be modified as this will no longer be that of a black body, when an observer located very far away from the black hole measures the spectrum [58] . The factors that modify the spectrum emitted by a black hole are known as greybody factors and these can be obtained through classical scattering; their study therefore allows the semiclassical gravity dictionary to be increased, and also offers insight into the quantum nature of black holes and thus of quantum gravity; for a review of this topic see [59] .
The aim of this work is to study the propagation of fermionic fields in the background of a Lifshitz black hole with z = 0 in three-dimensional conformal gravity [20] , and to study the stability of the fermionic field in this background by computing the exact QNMs, to compute the area spectrum, and to analyze the greybody factor. Exact solutions for the QNMs of black holes in 2 + 1 -dimensional spacetimes can be found in [60] , [20] .
The QNFs have been calculated by means of numerical and analytical techniques; the QNMs of Lifshitz black holes under scalar field perturbations have been studied in [20, [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] , and generally the scalar modes of Lifshitz black holes are stable. Non-relativistic fermion Green's functions in 4-dimensional Lifshitz spacetime with z = 2 were studied in [72] by considering fermions in this background and a non-relativistic (mixed) boundary condition, and it was shown that the Green's functions have a flat band. Also, the Dirac QNMs of a 4-dimensional Lifshitz black hole were studied in [73] and the electromagnetic QNMs in [74] . In addition, QNMs of Lifshitz black holes with hyperscaling violation have been considered in Refs. [75] [76] [77] . On the other hand, the area spectrum of three-dimensional Lifshitz black holes was studied in [61] and in [78] , which turns out to be equally spaced. Additionally, the scalar greybody factors for an asymptotically Lifshitz black hole were studied in [70, 71] .
The paper is organized as follows: In Sec. II we give a brief review of a three-dimensional Lifshitz black hole with dynamical exponent z = 0 in conformal gravity. Also, by means of a suitable change of variable, a gravitational soliton solution is obtained. Then, in Sec. III we solve analytically the Dirac equation in this background and we find the QNMs, the area spectrum, the reflection and transmission coefficients, and the absorption cross section. We conclude with final remarks in Sec. IV.
II. LIFSHITZ BLACK HOLE AND GRAVITATIONAL SOLITON IN THREE-DIMENSIONAL CONFORMAL GRAVITY
The field equations of three-dimensional conformal gravity in vacuum are given by the vanishing of the Cotton tensor:
where R αβ and R denote the Ricci tensor and the Ricci scalar, respectively. The Cotton tensor is a traceless tensor that vanishes if and only if the metric is locally conformally flat. Interesting solutions to this theory have been studied, for instance, in [17] [18] [19] [20] . The black hole background that we will consider is given by the following solution of (2.1) obtained in [20] :
The above metric describes an asymptotically Lifshitz black hole with z = 0. The event horizon is located at r = r + , where r + is an integration constant related to the mass of the circular object. Interestingly, the Lifshitz spacetime for z = 0, which is a solution of conformal gravity and to which metric (2.2) tends asymptotically:
can be written, by means of the double Wick rotation t → −iℓφ and φ → it and along with the coordinate transformationr =
where ℓ corresponds to the length scale of AdS 2 . In addition, by performing a double Wick rotation t → −iℓφ and φ → it/r + to the solution (2.2) along with the coordinate transformation r = r + cosh(r/ℓ), the following gravitational soliton solution can be found:
The Kretschmann scalar of this soliton is regular everywhere and is given by
The soliton tends asymptotically to AdS 2 × S 1 (2.5), which can be verified by means of the change of variable ρ = ℓ cosh(r/ℓ) . As we have shown, three dimensional conformal gravity in vacuum admits nontrivial solutions, such as the Lifshitz black hole (2.2) and the gravitational soliton (2.6). Gravitational soliton solutions to NMG have been reported in [16, 79] . In the following we will set ℓ = 1.
The temperature of the Lifshitz black hole can be found by evaluating the surface gravity, which is defined by
, where the time-like Killing vector is χ ν = (1, 0, 0); So, κ = 1 2 r + f ′ (r + ) = 1 and the Hawking temperature is found to be a constant,
On the other hand, the ADM mass M of this black hole has been obtained in [78] and is given by M = r + . In order to determine here the conserved quantities we will employ the method developed by Padmanabhan in [80] , which is based on the relation between the first law of thermodynamics and the equations of motion, and it seems to be applicable to a very wide class of theories. In this approach the conserved quantities can be obtained directly from the equations of motion. In our case, the only nonvanishing component of the field equations comes from the non-null component of the Cotton tensor C tφ =C φt , and it is given by
Evaluating the second and third derivatives of f (r) = 1 − r 2 + /r 2 at the horizon r + in the above equation we get: 
From this equation, identifying the Hawking temperature T =
, we obtain that the mass is given by M = r + and the entropy S = 2πr + , which is equal to the horizon area.
III. FERMIONIC PERTURBATIONS
In this section we will consider a matter distribution described by a fermionic field in the probe limit outside the event horizon of the black hole under consideration (2.2). It is worth mentioning that the Cotton tensor is traceless and this implies that the trace of the stress-energy tensor of the matter fields must be traceless, too. However, for a probe field it is not actually necessary to respect the same symmetries of the Cotton tensor; however, if one goes beyond the probe-field approximation, this must be respected, and therefore we will consider a massless fermionic field which has a traceless stress-energy tensor. The fermionic perturbations in this background are governed by the Dirac equation in curved spacetime
where the covariant derivative is defined as 
The spin connection can be obtained directly from the null torsion condition de a + ω a b e b = 0, and its non null components are
Now, by using the following representation of the gamma matrices γ 0 = iσ 2 , γ 1 = σ 1 , and γ 2 = σ 3 , where σ i are the Pauli matrices, along with the following ansatz for the fermionic field
we obtain the following set of differential equations
where κ corresponds to the angular momentum of the mode and can take only integer values. Decoupling the above system of equations, we obtain the following equations for
A. Stability analysis
Defining Z ± = ψ 1 ± iψ 2 and W = κ √ f /r, see [81] , and performing a change of variable to the tortoise coordinate x = (1/2) ln(r 2 − r 2 + ), where we have defined dx = dr/(rf (r)), the following differential equations are obtained: 10) from the coupled system of equations (3.6). Now, decoupling (3.9) and (3.10), we obtain the following Schrödinger-like equations:
where the effective potentials are given by
In terms of the tortoise coordinate, the function W (x) and the potentials V ± (x) read
In Fig. 1 we plot the effective potentials for r + = 1 and κ = 1. We can observe that the potentials are not positivedefinite and they are zero at the horizon and at spatial infinity. Therefore, suitable boundary conditions for the fermionic field are purely an ingoing wave at the event horizon and an outgoing wave at spatial infinity:
Now, we shall show that the classical stability of the massless fermionic field in this background can be proven using the S-deformation method [82] . So, multiplying Eq. (3.11) by Z * ± , then performing an integration by parts and taking into account the boundary conditions (3.14), one can arrive at the following expression:
From this expression one can conclude that the imaginary part of ω is always negative when V ± (r) > 0 in the region outside the event horizon, see [82] and [83] for details. The potentials V ± are not positive-definite; however, in the S-deformation method a new derivative D = d dx + S(x) is defined, and the first integral in (3.15) can be written as
16)
Appropriate functions are given by S = −W for V + and S = W for V − [83] , [84] . In this case,Ṽ ± = 0 and from (3.13) we obtain W (x = −∞) = 0 and W (x = ∞) = 0, which ensures that the integral is positive, and thus guarantees the stability of the fermionic field. Having demonstrated that the propagation of massless fermionic fields is stable in this background, in the following we will compute analytically the QNMs in order to study their behavior and to determine the area spectrum.
B. Quasinormal modes
Under the change of variable z = 1 − r 2 + /r 2 , the radial equation (3.7) can be written as 17) and if in addition we define ψ 1 (z) = z α (1 − z) β F (z), the above equation leads to the hypergeometric equation
where
19) 20) and the constants are given by 
and it has three regular singular points at z = 0, z = 1 and z = ∞. Here, 2 F 1 (a, b, c; z) is a hypergeometric function and C 1 , C 2 are integration constants. Thus, in the vicinity of the horizon z = 0 and using the property 2 F 1 (a, b, c; 0) = 1, the function ψ 1 (z) behaves as
Here the first term represents, for α = α − , an ingoing wave and the second an outgoing wave near the black-hole horizon. Imposing the requirement of only ingoing waves on the event horizon, we fix C 2 = 0. Then, the radial solution can be written as
To implement boundary conditions at infinity (z = 1), we apply Kummer's formula for the hypergeometric function
27) Taking into consideration the above expression, the radial function (3.26) reads 28) and at spatial infinity it can be written as
Thus, imposing as a boundary condition that only outgoing waves exist at spatial infinity, we set c − a = −n or c − b = −n for n = 0, 1, 2, .... Therefore, the QNFs of the three-dimensional Lifshitz black hole are given by
The imaginary part of the QNFs is always negative, so that the propagation of a fermionic field is formally stable in this background. The QNFs obtained from Eq. (3.8) corresponding to ψ 2 yields the same QNFs (3.30). In conformal gravity, any metric conformally related to the Lifshitz black hole (2.2) is also a solution. In particular, the metric:
represents a Lifshitz metric with a hyperscaling violating factor r η , where η is an arbitrary exponent. It can be shown that the QNFs for a massless fermionic field are given by (3.30) also in this case, which is a consequence of the conformal invariance of the Dirac equation for massless particles, see for instance [86] .
On the other hand, following the same procedure above, the quasinormal modes of the soliton metric (2.6) can be obtained. However, due to the symmetries of the transformations involved, the fermionic quasinormal modes for the soliton can be easily obtained by performing the following substitutions in (3.30)
which yields
The frequencies are purely real and correspond to normal modes of the fermionic field in the background (2.6), and thus the fermionic field is stable in this background.
C. Area spectrum
Bekenstein [87] was the first to propose the idea that in quantum gravity the area of black hole horizon is quantized, leading to a discrete spectrum which is evenly spaced. Then, Hod [88] conjectured that the asymptotic QNF is related to the quantized black hole area, by identifying the vibrational frequency with the real part of the QNFs. However, it is not universal for every black hole background. Then, Kunstatter [89] proposed that the black hole spectrum can be obtained by imposing the Bohr-Sommerfeld quantization condition to an adiabatic invariant quantity involving the energy and the vibrational frequency. Furthermore, Maggiore [90] argued that in the large damping limit the identification of the vibrational frequency with the imaginary part of the QNF could lead to the Bekenstein universal bound.
The area and entropy spectrum for the geometry described by (2.2) was calculated in Ref. [78] , employing the QNMs of a conformally coupled scalar field. In this section we obtain the area and entropy spectrum by two methods for the same geometry using the fermionic quasinormal modes obtained in the previous section. The first method we call modified Hod's conjecture, which is based on the ideas by Hod and Maggiore; and the second method we call modified Kunstatter's conjecture, which is based on the ideas by Kunstatter and Maggiore.
Modified Hod's conjecture
Maggiore [90] argued that when a classical black hole is perturbed, its relaxation is governed by a set of QNMs with complex frequencies, whose behavior is the same as that of damped harmonic oscillators whose real frequencies are
For large values of n, |Im(ω)| >> Re(ω). So, the transition frequency between adjoining frequencies is given by 35) and the modified Hod's conjecture yields
Thus, the mass is quantized and is evenly spaced:
From this expression it is straightforward to obtain the area spectrum, which is given by ∆A = 2π . (3.38) This same expression was found in [78] by employing the QNFs of a conformally coupled scalar field propagating in the Lifshitz black hole.
Modified Kunstatter's conjecture
The adiabatic invariant is given by 39) and considering the Born-Sommerfeld quantization for a large n, we have 40) where the transition frequency is ω t = 1 according to (3.35) ; thus, I = M = n , which is the same mass spectrum obtained above by employing the modified Hod's conjecture. Therefore, the area spectrum of this black hole is
Given that the area spectrum for conformally coupled scalar fields and fermionic fields are the same, it seems that the area spectrum does not depend on the type of perturbations. Also, notice that both methods produce identical values for the area spectrum and it is quantized and equally spaced.
D. Absorption cross section
The reflection and transmission coefficients depend on the behavior of the radial function both at the horizon and at the asymptotic infinity, and they are defined by
where F is the flux. F in hor denotes the ingoing flux of particles on the event horizon, and F in asymp and F out asymp denote the incoming and outgoing flux of particles at spatial infinity, respectively. The flux is given by
, and e r 1 = r f (r), which yields
The solution for ψ 1 is given by (3.26): 45) and the solution for ψ 2 can be obtained from Eq. (3.6), which in terms of the variable z reads
In order to solve this equation for ψ 2 , we use the integrating factor (z/(1 − z)) −iω/2 and the following property of the hypergeometric function: 47) and from (3.46) we obtain
Now, taking into account the behavior of ψ 1 and ψ 2 at the horizon z → 0, and using (3.44), we get the flux at the horizon
On the other hand, by substituting Kummer's formula (3.27) in (3.45) and (3.48) and using Eq. (3.44), we obtain the flux at the asymptotic region
Therefore, the reflection and transmission coefficients are given by 52) and the absorption cross section σ abs , becomes
Now, we will carry out a numerical analysis of the reflection and transmission coefficients (3.52) as well as the absorption cross section (3.53) of the Lifshitz black hole for fermionic fields. So, we plot the reflection and transmission coefficients and the absorption cross section in Fig. (2) for r + = 1 and κ = 1. Essentially, we find that the reflection coefficient is greater than the absorption coefficient at the low frequency limit, and at the high frequency limit the reflection coefficient approaches zero, whereas the transmission coefficient tends to 1. The relation R + T = 1 is always satisfied, as expected. Note that the transmission coefficient takes a non-null value for ω = 0, which is in contrast to what happens for scalar field perturbations [20] , where the transmission coefficient is always null for ω = 0. At the high frequency limit, the behavior for scalar and fermionic fields is similar. Also, we observe that at the low frequency limit, there is a range of values of κ which contribute to the absorption cross section (see Fig. 3 ), as occurs in [69] [70] [71] [91] [92] [93] [94] and at the high frequency limit the absorption cross section tends to zero. In addition, we observe a local minimum and a local maximum in the region of low frequencies. On the other hand, the poles of the transmission coefficient coincide with the previously calculated QNFs: |A| = 0 occurs when c − a = −n or c − b = −n, which yields the QNFs given in (3.30). 
IV. FINAL REMARKS
In this work we studied fermionic field perturbations of an asymptotically Lifshitz black hole in three-dimensional conformal gravity with dynamical exponent z = 0. In this case, the anisotropic scale invariance corresponds to a space-like scale invariance with no transformation of time. First, we calculated analytically the QNFs of massless fermionic perturbations, and we found that the imaginary part of the QNFs is always negative, so that the propagation of a fermionic field is stable in this background. Also, a gravitational soliton solution was obtained by performing the appropriate Wick rotations along with a change of variables to the Lifshitz black hole metric, and the propagation of the fermionic field was shown to be stable on this soliton. We also obtained the area spectrum of the Lifshitz black hole by means of the application of two methods: the first method we called "modified Hod's conjecture", and the second "modified Kunstatter's conjecture", both of which consider the original quantization along with the ideas of Maggiore, and both of which produce identical values for the area spectrum, which is quantized and equally spaced. It is worth mentioning that the area spectrum obtained in [78] by employing the QNFs of a conformally coupled scalar field are identical to that obtained here by considering the QNFs for the fermionic fields, with this result suggesting that the area spectrum does not depend on the type of perturbations. So, it would be very interesting to study also the gravitational perturbations in this background and calculate the area spectrum in order to verify whether the same spectrum of the horizon area (3.41) is obtained. Finally, we calculated the reflection and transmission coefficients and the absorption cross section. We observed that at the low frequency limit, there is a range of values of κ which contribute to the absorption cross section and at the high frequency limit the absorption cross section vanishes. On the other hand, the reflection coefficient is greater than the transmition coefficient at the low frequency limit and the reflection coefficient is null at high frequencies, while the transmition coefficient tends to 1, and the relation R + T = 1 is always satisfied. Moreover, the transmission coefficient takes a non-null value for ω = 0, which is in contrast to what happens for scalar field perturbations [20] . In addition, we showed that the poles of the transmission coefficient coincide with the QNFs for massless fermionic perturbations.
